


Abstract. The paper is discussing infinite divisibility in the setting of operator- 
valued boolean, free and, more general, c-free independences. Particularly, us- 
ing Hilbert bimodules and non-commutative functions techniques, we obtain 
analogues of the Levy-Hincin integral representation for infinitely divisible real 
measures. 
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Q , 1. Introduction and notations 

r^ . The paper presents some results concerning infinite divisibility in the framework 

"t^ ' of operator- valued non-commutative probability. 

In probability theory - classic and non-commutative - limit theorems play a cen- 
tral role. The "most general" limit theorems involve so-called infinitesimal arrays, 
and the limit distributions are usually identified with infinitely divisible distribu- 

'^ ' tions. There is a consistent literature about infinitely divisible measures in classical 

probability (see [9]), dating back to Kolmogorov ([10]), P. Levy ([14]) etc. Similar 

i:^ ' results have been found for non-commutative independences, such as [3] and [4] for 

Q^ . free independence, [23] for boolean probability and [12], [31] for conditionally free 

probability. In the operator-valued case, when states are replaced by positive con- 

r-^ . ditional expectations or, more general, by completely positive maps between C*- or 

(^ ' operator algebras, very little was known about operator-valued infinite divisibility; 

^D . the only exception we know of was Speicher's work j24:. One of the obstructions is 

that while in the scalar case important results characterizing infinite divisibility are 
coming from Nevalinna-Pick representation properties of the functions that linearize 
additive convolutions (such as the log of the Fourier transform in the classic case or 
the Voiculescu's R- and (/(-transforms in the free case), such analytic tools are not 
C^ ' yet available in the operator- valued case. The new topic of non-commutative (|llj) 

or completely matricial ([29]) functions may possibly fill this gap. In particular, 
the results from Section 5 of the present paper indicate that results similar to the 
Nevalinna-Pick representation hold also for non-commutative functions. 

The paper is organized in five sections. First section presents the introduc- 
tion and some notations. Sections 2-4 are aimed towards results characterizing 
infinite divisibility in operator- valued non-commutative probability using combina- 
torial and operator-algebras methods and constructions. More precisely, in Section 
2 we use a non-commutative version of the "Boolean Fock space" construction from 
[T] to prove that, as in the scalar case, boolean infinite divisibility is trivial in the 
operator-valued case; particularly, any completely positive map between two C*- 
algebras is boolean infinitely divisible. Section 3 is describing infinite divisibility 
with respect to free independence over a positive conditional expectation in terms 
of maps satisfying a condition of complete positivity. Section 4 is utilizing the 
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techniques from the Boolean case (Section 2) to extend the results of Section 3 
from positive conditional expectations to completely positive maps. In particular, 
we present a construction of the non-commutative version of the conditionally free 
i?-transform of Bozejko, Leinert and Speicher in terms of creation, annihilation and 
preservation operators on a certain inner-product bimodules. In the scalar-valued 
case this construction gives a new, combinatorial proof of the main result from [12j 
(see also [31j ) characterizing conditionally free infinite divisibility. In Section 5 we 
use the tools from the theory of non-commutative functions (see [TT], [2U]) to define 
the non-commutative R- (also constructed in [5^), ^i?- and B-transforms. Refor- 
mulated in terms of these transforms, the results from Sections 2, 3 and 4 are very 
similar to the free and conditionally free versions of the Levy-Hincin formula from 
[3], respectively [12] and [31]. The present material is using the notions detailed in 
[Tl] (work in progress), but it is self-contained in this regard, the needed material 
on non-commutative functions is briefly discussed in Section 5.2. 

We will introduce now several notations. Throughout the paper B will be a unital 
C*-algebra. We will denote by B{X) the *-algebra freely generated by B and the 
selfadjoint symbol X. Unless otherwise explicitly stated, we do not suppose that 
B commutes with X. We will also use the notations B{X)q for the *-subalgebra 
of B{X) of all polynomials without a free term, and the notation B{Xi, X2, . . .) for 
the *-algebra freely generated by B and the non-commutating self-adjoint symbols 

Xl,X2, ■ . ■ . 

In several instances we will identify T{B), the tensor algebra over B, to the 
subalgebra of B{X) spanned by {XbiXb2 ■ ■ ■ Xbn : n e N, fei, ...,&„ G S} via 

61 (8) 62 fXi • • • 8) fen 1^ XbiXb2 ■ ■ ■ Xbn- 

The set of all positive conditional expectations from B{X) to B will be denoted 
by Eg. 

For S C 2? a unital inclusion of C*-algebras, we denote by ^b-.v the set of all 
unital, positive yB-bimodule maps fi : B{X) — > T) with the property that for all 
positive integers n and all {./'i(A')}"^j^ C B(X) we have that: 

(1) {^^{h{Xr!:{Xm,,=x > in M„iV). 

Remark that Sg = T,]3-j3, as an easy consequence of Exercise 3.18 from |16) . 

We will denote by Sg, respectively Sg.-p, the set of all ^ e Sg (respectively 
M S 5]g:-p whose moments do not grow faster than exponentially, that is there 
exists some M > such that for all &i, . . . , 6„ G S, we have 

(2) MXbiXb2 ■ • • A'6„A')|| < Af"+i||&i|| • • • ||6„||. 
We will also use the following definition (see |13|): 

Definition 1.1. Let A be a C* -algebra. A semi-inner-product A-module is a linear 
space E which is a right A-module together with a map (a;, y) t-^ {x,y) : Ex E — > A 
such that (x, y, z Cz E,a di A,a, f3 £ C): 

(i) {ax + (3y,z) ^a{x,y) + f3{y,z) 

(ii) {xa,y) = {x,y)a 

(iii) {x,y)^{y,x)* 

(iv) (x, x) > 

The set of all adjointable maps T : E — > E will be denoted by C{E). Since (•, •) 
is not strictly positive, the adjoint of a map from C{E) is in general not unique. If 
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_B is a Hubert A-module, that is the inequahty at (iv) is strict and E is complete 
with respect to the norm ^ i— > 1 1 (^, 1 1 ^ j then the adjoint is unique and the bounded 
elements of C{E) form a C* -algebra. 

li B C A, B C D are unital inclusions of C*-algebras, (p : A — > 2? is a unital 
positive B-bimodule map and a is a selfadjoint element of A, we will denote by 
B{a) the *-algebra generated in ^ by ,B and a and by fia, "the ^-distribution" of a, 
that is the positive ;B-bimodule map (jja '■ B{X) — > T) defined by 0a = ^oTq where 
Tq : B{?C) — > A is the unique homomorphism such that T^iX^ = a and Ta(5) — b 
for all b € B. The set of elements from Eb:X) that can be realized in such way is 
Sg.p, more precisely we have the following property; 

Proposition 1.2. Let /i £ 'Sb-.v- Then fi e Sg.^ if and only if there exist a C* - 
algebra A containing B as a C* -subalgebra, a completely positive B-bimodule map 
<j) : A — > T) and a self-adjoint element a € A such that ^ — (pa- 

Moreover, the condition ^ is equivalent to the existence of M > such that for 
all bi, . . . ,bn e Mm{B) we have 

(3) \\{Idra ® ii){X ■biX-b2---X- b.aX)\\ < Af"+i||5i|| • • • ||5„||. 

where X acts on MmiC)'S^B{X) by multiplication on each entry (that is we identify 
X to Idm ® X). 

Proof, li jj. — (l)a as above, then the result is trivial. 

Suppose now that /i G Sg.-p. We first prove that TVq = {/ £ B{X) : n{f*f) = 0} 
is a left ideal of B{X). It suffices to prove that if / € Ao then X ■ f G A/q and 
6 • / e A/'o for all b e B. 

Since b*b < \\b*b\\ (in the C*-algebra B), the positivity of /i implies 

fi{f*{\\b*b\\~b*b)f)>0, 

that is ^i{f*b*bf) < \\b*by{f*f) = 0, hence 6 • / e Wq. 

For g ^ baXbiX ■ ■ ■ Xbn a monomial in S(A'), define p(g) == A/"||6o||||6i|| •••||6„|| 
(in particular, condition ([2|) states that ||/i(5)|| < p{g))- Consider 

oo oo 

B{{X))^ = {2_, fn '■ fn = monomials in S(A')such that \^ p{fn) < oo}. 

n=0 n=0 

B{{X)) ^ is a *-algebra (with the structure inherited from B{X)) and jjl extends to 
a positive map fi. : B{{X))^, — > V via ^((Er'^o /») = J2'^=o l^ifn) ■ 

Take now g„ = (2n)! [(1 - 2n)(n!)2(4M)2"]"^ X^'\ n > 0. Then .g„ = g^ and 
p{gn) < 4~", so g — Yl°^=a9n is also a selfadjoint element oiB{{X))^. 

Since g^ = 1 - [{2M)-'^X]^, we have that 

< W^cfgf) = M (/* [1 - (2M)-2 A-^] . /) 

^^Ji[f*f)-{2M)-^^,{{XfrXf) 

hence /i {{X f)* X f) < AA'Pfi{f*f), so Xf G A/'o- 

Consider now K, — B{X) (Ej^ T) with the right P-module structure given by 
{f{X) ® d)di = f{X) ® ddi] also, since fx satisfies the condition ([1]), we can define 
a P- valued sesquilinear inner-product structure on K, (see [13] , page 40) via 

{f{x) ® dug{x) (g> d2) = d*Mg{xyf{x))d,. 
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Let now M = {rj Cz IC: (rj^rj) =0}. From the above argument on A/q, we have 
that A/" is a left S(A')-module. FinaUy, take E the completion of IC/JV in the norm 
induced by the inner-product structure (see ^13) and let ^ = 1 ® 1 +Af. The 
multipliers with polynomials from B{X) are in the C*-algebra of bounded maps 
from C{E), since condition ([2]) ensures the boundness. Moreover, if (/>{■) — {■£,,£,) 
and a is the right multiplier with X, then ji = (j)a. 

Condition (jSj is implied by the equality ||Idm ^ a|| = ||a||, where the first norm 
is in the C*-algebra Mm{A) and the second norm in the C*-algebra A. 

D 

2. Infinite divisibility: the boolean case 

The main result of this section is the non-commutative analogue of the following 
theorem (see [23]): 

Theorem 2.1. Any compactly supported real measure is infinitely divisible with 
respect to boolean convolution. 

We will use the following notion of boolean independence over a C*-algebra B 
(see [H]): 

Definition 2.2. Let B be a unital C* -algebra, B Q D, B Q A be unital inclusions 
of ^-algebras and (p : A — > D be a unital B -bimodule map. A family {ai}i^i of 
selfadjoint elements from A is said to be boolean independent with respect to cf) if 

0(^1^42^3 • • • ) = <P{AimA2)^{A^) ■ ■ ■ 

for all Ak £ S(a£(fe))o (the ^-algebra spanned by non- commutative polynomials in 
o-e{k) OLf^d coefficients in B without a free term), with e(k) G / and e(fc) ^ e{k + 1). 

Let now TV G N and {/ij}^i be a family of elements from SeiC- We define 
their additive boolean convolution as follows. Consider the symbols {Xj}'^^^ such 
that nx ■ B{Xj) = B{X) — > B coincides to /ij. Then consider the *-algebra 
B{Xi,X2, . . ■ ,Xpj) with the conditional expectation /i such that its restrictions to 
B{Xj) coincide to /ij and the mixed moments of Xi, X2, . . ■ , Xn are calculated via 
the rule from Definition 12.21 The additive boolean convolution of {fJ,j}f^i is the 
unital B-bimodule map 

<=iMj = A*Xi+x.+...+x„ : B{Xi +X2 + ---+Xn)= B{X) -^ V 

Remark 2.3. If Hj G '^b-.v for al j = 1, . . . , N, then W^j^/ij is also in 'Sb-.v- 

Proof. For each j, consider the right-P module K.j = B{Xj) (g)e T) as in Proposition 

Note that the 2?-submodule 1 (g) I? is complemented in each K.j, since, for all 
f{X) G B{X), we have that 1 (g) ^j{f{Xj)) G ligx) and 

(1 ® 1, f{X,) ® 1 - 1 ® /i,(/(^,))>.- = NifiXj)*) - fijifiX,))* - 

Denote by /C^ the complement of l(E)v in A^j and let 

N 

/C = (l®p)©0/Cj". 
On C{IC) we consider the map (/) : T k^ (Tl (g) 1, 1 (g) 1). 
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B{Xj) can be seen as a algebra of linear maps on JCj via 

fix,) [g{X,) ® d] = {f{X,)g{Xj)) ® d. 

Since f{Xj)* is adjoint to f{Xj) we have B{Xj) E £(/C). moreover, by setting the 
restrictions of B{Xj)q to each /C° to the if / 7^ j, we can see B{Xj) as a subalgebra 
of £(/C). Note that (I)\b{x-)o — Mj- 

lij^l and Ai e i3(Xj)o while ^2 e 6(X;)o, then 

^1^2(1 1) = Ai[<f){A2){l®l)+iiw\ievei = A2{l®l)-<l){A2)l®lEK°i 

= Ai(t>{A2){\®l). 

Iterating, we obtain that for Ak E B{X^i^k))o with e(fc) 7^ e{k + 1) 

0(^1 • • • A„0 = 0(^10(^2) • • • (/.(A„0) = 0(Ai) • • • 0(A„O. 

that is v\"j's are boolean independent in C{JC) with respect to (f), and since the 

restrictions of (j> to B{Xj) are /ij, we have that kti^^^fij — <J>\b{Xi-\ \-Xn) ^o q.e.d.. 

D 

Definition 2.4. An element /i e '^b-.v is said to be [ij-infinite divisible if for any 
positive integer n there exist some fin G ^b-.v such that /i is the additive boolean 
convolutions of n copies of fin ■ 

The main result of this section si the following 

Theorem 2.5. Any element fi from Tib.-d is boolean infinitely divisible. 

To prove 12.51 we will need the following generalization of the notion of scalar 
boolean cumulants from |23| : 

Definition 2.6. In the above setting, let X be a selfadjoint element from A. The 
boolean cumulants of X are defined as the multilinear maps {Bn.x}n>i, with Bn,x '■ 
B"' — >■ V, given by the following recurrence: 

n 

(j){XbnXb,,^i ■ ■ ■ Xbi) - Y. <^(^^" • • • Xbk+i)Bk.^x{bk, ■■■ , bi). 

k=l 

As shown in 18J, the I?- valued boolean cumulants defined above have the same 
additivity property as their scalar analogues (see [TH], Corollary 4.6): 

Proposition 2.7. //, in the above setting, X and Y are boolean independent over 
4>, then, for all positive integers n, we have that 

Bn.X+Y — Bn.X + Bn.Y ■ 

Definition 12.41 can be reformulated in terms of Proposition 12.71 Namely, for 
M € SbiD we define the n-th boolean cumulant of fi as the multilinear map i3„.^ : 
S" — > T) given by the recurrence: 

n 

fi{Xb^Xb2 ■ ■ ■ Xbn) = Y. BkA^i, ■■■, bk)fi{Xbk+i ■ ■ ■ Xbn). 

k=l 

From Proposition [221 we have the following 

Remark 2.8. An element fi E ^b-.v is [ij-infinite divisible if for any positive integer 
n there exist fin G ^b-.v such that for all positive integers m we have that 
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Before proving the main result, i. e. Theoreni l2.51 we will first need the following 
result. 

Lemma 2.9. Let B (- A be a unital inclusion of C* -algebras, % he a semi-inner 
product A-bimodule which is also a left B-module and fl a symbol that commutes 
with A such that (57, i7) = 1 and (-57, fl) : C{'H ® VtA) — > A is a B-bimodule map. 
Let T,A& C{H © nA) be selfdajoint operators such that T{nA) = 0, T{H) C H, 
h{U) = 0, A{nA) C nA. For ^ e n define the operators a^,al e €{% + (Q^A) 
given by 

a^a == a £ A J a'^a — (,a a e A 

Then a^, at are adjoint to each other and the boolean cumulants {Bny}n of V — 
a^ + flj + r + A with respect to the map (-fi, fJ) are given by: 

(i) Biyibi) = {Abin,n) 

(a) Bny{hn,---,hi)^{aepnThn-i---Tb2a\hiVt,Vt) ifn>2. 

Proof. The fact that a^ and at are adjoint to each other is just a trivial computation. 
For (i), note that biQ e flA, hence {Vbin,n) = (A6ifi, rj). 
For (ii), remark first that 

a^bnTbn-i ■ ■ ■Tb2atbiD, C Oyl 

for ah 6i, . . . , 6„ e B, since a*^biD, = £_bi e H, also 6„r6„_i • • • Tb2'H C H and 
a^H C nA. 
We have that 

{vbn---vbin,n) = Y. {Vnb„---Vibin,n). 

Vje{a^,al,T,A} 

Let us suppose that the term {Vnbn ■ ■ ■ VibiVt, n) does not cancel. Since a^(57A) = 
T{nA) = 0, it follows that Vi e {a|. A}. If Vi = aj, then VihiVl e U and, since 

api = AH = 

it follows that V2 € {a^,T}. 

Also, since m C n, ii V2 ^ V3 ^ ■ ■ ■ ^ Vp ^ T, then Vp+i € {a^,T}. Finally, 
note that Tb^ ■ ■■Tb2a*^bin e "H, henceforth 

{vbn---vbin,n) = {vbn---vb2Abin,n) 

n 

+ ^(V^6„ • • • Vbp+ia^bpTbp-i ■ ■ ■ Tb2a*ibin, n) 

= {vbr,---vh2n,n) ■ {Ahin^n) 



-^{Vbn ■ ■ ■ Vbp+iVl, n) ■ {a^bpTbp^i ■ ■ ■ Tb2a*^bin, n) 



p=2 



and the conclusion follows from (i) and Definition 12.61 D 

Proof of the Theorem \2.5\ 



NON-COMMUTATIVE FUNCTIONS, FREE LEVY-HINCIN FORMULA 7 

Consider /C = B{X) (E)is T) as for Remark 12.31 Denote by KP the complement of 
l®v in /C and \ei S, — X ®\ — \® /!(<%") e KP . Define the operator a^ : K. — > K, by 

a^(l«l) = 

a^ij = 1® (77, C) for T] eJC° 

Remark that a^ is P-hnear, adjointable, and its adjoint is given by 

a|(i«)i) = ei 

a£77 = for ry e /C" 

Let also let it^t" : K — > JC be the selfadjoint map given by f{X)®d ^-^ Xf{X)(E)d. 
We will identify B with a subalgebra of C{IC) via 

6[/(A') (g)d]^ [bf{X)] (g) d. 

Note that (-1 ® 1, 1 (g) 1) is a S-bimodule map. 
We have that 

{S.xbi---M.xbnil(E>l),l®l) = (A-foiA-fca • • • A'6„®, 1 ® 1) 

= n{XbiXb2---Xbn) 

hence the distribution of ix with respect to (-1 (g) 1, 1 (g) 1) coincides with /x. 
Consider the selfadjoint map A^ e '^(/C) given by 

Af,{l (E) d) = I ^ fi{X)d, deV 
A^77 = 0, 77 e /CO 

and define T e >C(/C) as the map T = £;f — (a^ + at) — A^. We have that T is 
selfadjoint, TIC" C /C" and T(l (g)V)^0. 

Since it at = a^ + a| + A^ + T and its distribution with respect to (-1 ® 1, 1 ® 1) 
is /z from Lemma l2.9l we have that the boolean cumulants of fj, are given by 

(4) Bi,^(6i) = (A^6i(l®l),l®l) 

(5) BnAbn, . . . , 61) = {a^bnTb„-i ■ ■ ■ r62aj&i(l ® 1), 1 ® 1) if n > 2. 

Fix N a positive integer. Let ^n — -j^^i ^n = j^^fi and Ijv G 'C(^) be the 
selfadjoint operator 

Yn = a^„ + a^j^ + An + T. 
Define /i^r G SeiP via 

/ijv(/(x))-(/(rjv)(i®i),i®i>. 

From Lemma 12. 9[ the boolean cumulants of iin are given by: 

1 

N' 
1 

N' 



Bi,^„(&i) = (Aw6i(l®l),l®l) = -(A^6i(l®l),l(gl) 



^(ajfoiTfoa • • • Tbn-ialb„{l ® 1), 1 ® 1) 



AT 
1 

N 

and the conclusion follows from Remark 12.81 



— Bn,^j.{bi,. .. ,b„) 
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D 

3. Infinite divisibility: the Free case 
3.1. Preliminaries. 

Definition 3.1. (see [27]) Let B be a unital C* -algebra, B Q A be a unital inclusion 
of *-algebras and (j) : A — > B be a positive conditional expectation. A family 
{Xi}i^j of selfadjoint elements from A is said to be free with respect to if (j) if 

c^{AiA2---An) = Q 

whenever Aj e B{X^(^j-^) with e(fc) ^ e{k + 1) and 4>{Aj) = 0. 

In the above setting, let X be a selfadjoint element from A. The free cumulants 
of X are the multilinear functions Kn^x ■ B" — > B given by the recurrence: 

<l){XbiXb2---Xbn) = 

n 

J2 E ^p,x{{bMXb2---Xb,^,),{b,,+icl>{Xb,,+2---Xb,,),... 

p=i i<ji<---<jp_i 

■•■,(&>,0(^Vi+i---^M)- 

More intuitively, the above relation can be graphically illustrated by the picture 
below, where the boxes stand for the application of and the oblique lines signify 
that each Yg = 4>{Xbj^+2 ■ ■ • Xbj^j_^) are multiplied with bj^+i in the arguments of 
the free cumulants: 



iOx T 



The free cumulants have the following additivity property (see [21], [17j): 
Proposition 3.2. If X,Y are free in the sense of Definition \3.1[ then 

Kn,X+Y ~ l^n,X + '«n,V- 

Let now N £ 'H and {/ij}{Li be a family of elements from Eg. We define 
their additive free convolution similarly to be boolean case: Consider the symbols 
{-^iljLi; on the algebra B{Xi,X2^ . . . , Xn) take the conditional expectation ^ such 
that fioTx — fJ-j ^-i^d the mixed moments of Xi, . . . , X„ are computed via the rules 
from Definition 13.11 The free additive convolution of {nj}f^i is the conditional 
expectation 



^^lJ = ^1 o Tx,+x,+-+x,, ■■ B{Xi +X2 + ---+Xn)= B{X) -^ B. 



We have that ffl^j^/ij is also an element of Eg: in [23], Theorem 3.5.6, it is 
shown that /i, defined as above, is a positive conditional expectation, therefore so 

is ^orxi+X2+---+x„- 

Definition 3.3. An element fi G Eg is said to be W-infinite divisible if for any 
positive integer N there exists fj,]\[ € Eg such that fj, is the free additive convolution 
of N copies of fiN. 
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3.2. Free cumulants and ffl-infinite divisibility. 

Definition 3.4. Let ii G Se- Using the relations from Section \3.1\ we define the 
free cumulants of ii as the multilinear maps Kn,fi '■ S" — > B given by the recurrence: 

fi{XbiXb2 ■ ■ ■ Xb„) = 

n 

Yl Yl Kp.j,{{bin{Xb2- ■ ■ Xbj^i),{bj^+in{Xbj^+2- ■ ■ Xbj^),. . . 
p=i i<ii<---<jp-i 

Remark 3.5. Using Proposition \3.2\. we can reformulate Definition \3.4\ in terms 
of free cumulants. More precisely, fj, € Eg is ^-infinitely divisible if for any positive 
integer N there exists some fi^ G Se such that for all m 

For /i G Sg, define the conditional expectation p^ : B{X) — > B generated by 

p^{XbiXb2 ■ ■ ■ Xbn) = KnA^l,b2, ' ' ' , &«)■ 

Proposition 3.6. If fJ- (z Sg is W-inflnitely divisible then the restriction of p^ to 
B{X)q is positive. 

Proof. Fix N and suppose that fi is the free additive convolution of N copies of 
fiN- Note that, for n < 1, 

(6) PNiXbi ■ ■ ■ Xbn) = — K„,^(6i, . . . , 6„) + 0(-— 2 ). 

The assertion is trivial for n = \. Suppose that ([B]) is true for n < m. Since 
the free cumulants are multilinear, for all 1 = /i < /2 < • • • < Ip+i = to + 1 and 
^s = i'lsfJ-Ni'^bi^^i ■ ■ ■ Xbi^^-^^i), (1 < s < p) we have that 

Y ^ j ^'a i^ ^'s+i = 's + 1 

'' { O(^) ifZ,+i=/, + l 

hence 

Kp,^i^{Yi,...,Yp) = —Kp^i,{Yi,...,Yp) = 0{ — ) unless Is+i = h + 1 for aU 

s e {1, . . . ,p}, i. e. p — TO. 
Definition 13.41 gives 

p,N{Xbi ■■■Xb„i) = KTn,,i,^{bi, . . . ,b„i) + 0{^^) = —K,n,f,{bi, . . . ,bjn)0{^^) 



~ ^2' ^■■"m./iv-i' • • ■ '""W"V^2' 



that is ([6]). It follows that 



(7) lim N ■ p,N{Xbi--- Xbn) ^ Kn,ti.{bi,...,bn) 

N — yoo 

Fix now /(Af) e i5(A')o. Then 

p^j,{f{X)*f{X)) = lim [NpN{f{X)*f{X))] > since all p.N are positive. 



D 



Lemma 3.7. Let A be a unital C* -algebra and Ti. a semi-inner-product A-module 
which is also a left A-module. Let T('H) be the full Fock A-module over T-L, that is 

T{H) = A®n®{n®B'H)®{n®B'H®B'H)®.... 
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Fix S, £%, 13 <E A, T E C{'H), T and P selfadjoint, and define the maps (a G A, 
rii,...,r]nen) 

a^a — 

a^vi ®m® ■■■®'nn^ {"n^ 0v2 «) • • • (» ?7„ 

ata — ^a 

a^rji (8) • • • (g) ??„ = ^ (g) ryi (g) • • • (g) ?7„ 

p{T)a = 

p{T)rii g) ?72 g) • • • (g ??« = T{i]i) g) ?72 g) • • • gi T7n 

Then a^, at are adjoint to each other, p(T) is selfadjoint and the cumulants of 

X = a^ + at + T + f^XA with respect to the conditional expectation (-1, 1) are given 
by 

Ki,x[bi) = fibi 
Kn.x{bi,...,hn) = {a£^bip{T)b2---p{T)bn^ia*S,bil,l). 

Proof. For ki^x the assertion is trivial. To prove the relation for higher order free 
cumulants, let us fix A^ > 1 and consider {{'Hj,n,Tj_n,^j_n)}jLi to be a set of N 
identical copies of {H,T, (-^)^) from above. Let 

'Hn = 'Hi,n®'H2m®---®'Hnm 

^N = Cl,^ ® 6,Af ® • ■ ■ ® ^JV,JV e -Hat 

Xn = a^^ + al^ + P{Tn) + PxA e CiHN) 

1 

N'' 

First, note that X and Xn are identically distributed with respect to (-l,!). 
Then Xn = Xi,n + • • • + Xn.n, Xj^n are identically distributed and free. To see 
that, consider Ai, . . . , A™, At £ A{Xf(^k).N) with {Akl, 1) = and e{k) ^ e(fc + 1). 
We have to show that {Am • • • ^il, 1) =0. 

Since {Ail, 1) = 0, we have that Ail e T{l-Le(i),N) © A. Also, {A2I, 1) = 0, so 
A2A1I e (T('He(2),jv) e A) (g (r('He(i),jv) e A), iterating, we obtain 

A.m--- A2A1I e {T{n,(m),N e A) (g • • • g) (r(He(i),Ar) e A) 

so {Am---A2Ail,l) = 0. 

Using (0) and denoting V = {^a^ ;^«C'P(^)' -nPxa} we have {n > 2): 

Kn.x{hl, . ■ . ,bn) = K„,x„(fcl, • . ■ ,&rO 

lim N{X]sbi---XNbnl,l) 

N >oo 

But {Vibi ■ ■ ■ Vnbnl, 1) = unless 14 G {;^aj, Jj(3xa} and Vi S {^^oj, jfPxA}, 
therefore 

(Xjv&i • • • XNbnl, 1) = ( A^a5Mr)&2 • ■ ■ p{T)b„-i^albil, 1) + 0(^2) 

V jV VjV -'V 

hence the conclusion. D 



Xj^N = ac.,iv + %•„ +P(^j,Jv) + T^^^^ ^ -CCHat). 
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Theorem 3.8. The conditional expectation fi G Sg is W-infinitely divisible if and 
only if the restriction of Pfj_ to B{X)q is positive. 

Proof. Suppose that p^|e(x)o i^ positive. Then (see [13], pag. 42) B{X)o is a 
senii-inner-product S-module with respect to the pairing 

{fiX\g{X))^p^{g{Xrf{X)). 

Consider the selfadjoint map T : B{X)o — > B{X)o given by T{f{X)) = Xf{X) 
and denote by V the map from £{T{B{X)oj) defined as 

V = ax + a*x+f + p{X)ld. 

From Lemma [3.71 we have that the free cmxiulants of V with respect to (-l, 1) are 
given by 

Ki.yih) = /i(A')(6i) = Ki,^(6i) 

Kn,vibi,...,bn) = {axbiTb2---Tbn^ia*^bnl,l) = {biXb2---Xbn,X) 

= K^(5i,- •• ,6„) 

Fix a positive integer N. From Remark l3.5l it suffices to find a selfadjoint element 
from C{T{B{X)o)) whose free cumulants are proportional to the free cumulants of 
V^ by a factor of ■^. Define 

Vm = -^ax + -^a^ + f + 1^{X)U. 



Applying again Lemma 13.71 the free cumulants of Vn are 

Ki,y„(fci) == —p{X){bi) = —Ki^vibi) 
Kn,v,^{bi,...,bn) = {—^axbiTb2---Tbn^i—=a*^bnl,l) 



-^K„,y(&i,- • • ,&„) 



The converse implication is Proposition [ 

D 

4. Infinite divisibility: the c-free case 

In this section we aim to extend the results from Section |3] to the case p, G T,b:ti- 
First, we will need a suitable definition for the free additive convolution of elements 
from 'Sb-.V, in this setting, if B is simply replaced by V in Definition 13. 1[ the 
resulting relation does not uniquely determine the joint moments of Xi, . . . ,X„. 
As shown in [S], [5], a more suitable approach is the conditional freeness (see also 

Definition 4.1. Let B be a unital C -algebra B Q A, B Q T) be unital inclusions 
of ^-algebras, ip : A — > B be a conditional expectation and 6 : A — > V be a unital 
B-bimodule map. 

The family {Xi}i^i of selfadjoint elements from A is said to be c-free with respect 
toi0,cp) if 

(i) the family {Xi\i^i is free with respect to Lp 

(ii) e{AiA2---An) = e{Ai)e{A2) ■ ■ ■ e(Ar,) for all A, e B{X,(i^) such that 
tf{Ai) = and e{k) ^ e{k + 1). 
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Let X be a selfadjoint element from A. The c-free cumulants of X are the 
multihnear functions '^Kn^x '■ B^ — > T) given by the recurrence: 



p=ii<ji<-<ip 

/p— n— 1 

""i^v^x {bi,+i(p{Xbi^+2 ■ ■ ■ Xbi^), ..., bi^_,+iip{Xbi^_^+2 ■ ■ ■ Xbi^),bn) 



As in the previous section, the above equation can be represented more intu- 
itively by the picture below, where the dark boxes stand for the application of 
9, the light ones for the application of ip and the oblique lines signify that each 
Kj = (j){Xbi^^2 • • • -^^is+i) are multiplied with &;,+i in the arguments of the c-free 
cumulants, except for 6„. 



The c-free cumulants have the following additivity property (see [T7], |15)): 

Proposition 4.2. IfX,Y are c-free with respect to {9,ip) in the sense of Definition 
\4-l[ then 

Hn,X+Y — l^n,X + '«n,F 

where K-n.x is the n-th free cumulant of X with respect to the conditional expectation 

ip. 

Let now A'' be a positive integer and {(/Xi, t'i)},fli be a family from SgiD x Sg. 
We define their additive c-free convolution similarly to be boolean and free case: 
Consider the selfadjoint symbols {Xi}^^ and the mappings 

^i■.B{X^,X2,...,XN) -^ V 
!^:B{Xi,X2,...,Xn) -^ B 

such that such that /io tx^ = Mi and v o tx^ — I'i for all i = 1, . . . , A^ and the mixed 
moments of /i and v are computed according to Definition 14.11 The c-free additive 
convolution of {{^i, i^i)}t=i is the pair (/Xc, Vc) = [£]j^i(a*j: ^i)i where 

I'c = VOTx^+X2 + -+Xm = ffl"=i^'j ^ ^B 

tic = ^JiOTx,+x,+■■■+x,,■■B{Xl+X2 + ■■■+XN)=B{X) ^V 

Definition 4.3. A pair (/i, v) G Se:© x '^B is said to be VcVinfinite divisible if for 
any positive integer N there exists {^lx^vn) £ "^B-.v x '^B such that {ijl,v) is the 
c-free additive convolution of N copies of {iin,i^n)- 

4.1. C-free cumulants and infinite divisibility. 
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Definition 4.4. The c-free cumulants of the pair {fi, v) e SbiX) x Sg are the 
multilinear Junctions "^Hn^fj^u '■ B^ — >■ T) given by the recurrence: 



fi{XbiXb2---Xbn) = J2 Yl t^{Xbi---Xbt,)- 

p=i i<ii<-<jp 

Ip—n—l 

"i^P^iM {bh+ii^{Xbi^+2 ■ ■ ■ XbiJ, ..., bi^_^+iiy{Xbi^_^+2 ■ ■ ■ Xbi^), 6„) 



Remark 4.5. As in the previous section, can reformulate DefinitionlJ^in terms 
of free and c-free cumulants. More precisely, the pair (/i, v) is VcVinfinitely divisible 
if for any positive integer N there exists some {(J-NjI^n) G "^b-.v x '^b such that for 
all m we have that Km.u — NKm,VN cind '^Km,fj.,i> = N'^Km.fj.M- 

D 

Define tlie map ^p^,i/ : B{X) — > T) as the S-bimodule extension of 

''Pti,u{Xbi ■ ■ ■ Xbn) = ''Kn,fj,,i^{bl, . • . , bn). 

Proposition 4.6. Suppose that (fi, v) G Se:!? x Sg is FcVinfinitely divisible. Then 
the restriction of^Pf^^i, to B{X)q satisfies property (^(see Introduction). 

Proof. Fix A^ > 1 and suppose that (/i, i^) is the c-free additive convolution of n 
copies of (/iAT, i^n)- As in the proof of Proposition 13.61 we will first show that 

(8) PNiXbi ■ ■ ■ Xbn) = ^"k„,,,,(6i, . . . , 6„) + O(^). 

For n = 1 the assertion is trivial. Suppose that (|5]) holds true for n < m. Since 
the c-free cumulants of are multilinear, for all 1 = Zi < /2 < • • • < Ip+i < rn and 
Yg — bi^i^N{Xbi^+i ■ ■ ■ Xbi^^^-^-i), {1 < s < p) we have that 

Y - j ^i- i^ ^'*+i = 's + 1 

hence ''Kp,pjv,,.„(Yi, . . . ,Yp) = —''np^^,^^{Yi, . . . ,Yp) ^ '^^TTz)' unless h+i ^h + l 
for all s G { 1 , . . . , p} . 
Definition 14.41 gives 

^N{Xbl- ■ ■ Xbm) = Km,^„,i,„(6l, . . . ,6,„) -I- 

m — 1 _. 

y^ ''K.s,tiN.VN {h,---, bs)pN{Xbs+l . . . Xbm) + 0(-T72 ) 

s=l 

hence ([5]) follows from the induction hypothesis. Therefore 

(9) lim N^iN[Xbi---Xbn) ^''Kn.f^.,j[bi,...,bn) 

N ^oo 

Fix now a family {/i(A')}f^i in B{X)q. Then 

['P^.A.fAXrf^{X))]l,^, = lim [N^iN{f,{X)\U{X))]l^^, -> 0. 

since each //^v satisfies ([T]). D 
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Lemma 4.7. Let B Q D be unital inclusion of C* -algebras, K, be a semi- inner- 
product V-bimodule and % be a semi- inner-product B-bimodule. Consider 

£ = (Tin) (E)B 2?) ® (le ®e ^T)) e (T{H) ®e IC) ■ 

Fix ^ G "H, ?7 G /C and t G €'{%), T G C{K,) selfadjoints. Define the maps a^, at, 
Arp A*^, pit), P{T) from C{£) given by: 

ae(/i ®...fn)®d^ ((/i,^)/2 ^■■■<S>fn)®d 

ae(/i ® •••/«)«) r? = ((/i, 0/2 ^■■■<^fn)<^'n 

alifi®... /„) ®d^ ((/i, 0/2 ^■■■^fn)^d 
al{fi(E)...fn)<E)V= ((/i,C)/2 (»•••<» /n) <» r? 

p(i)|iB(g>ox) = 

p{t){fi ® .../„) ® d = (i/i) ® /2 (»•••(»/„) rf 

p(i)(/i ® .../„) 77 = (t/i) (g) /2 ® • • • ® /„) (8 ?7 

^^(1 (g) = 1 ® f]((, r;) r ^;(1 (g) M) = 1 (g) ryd 



I ^r;|f:e(li8i/C) =0 \ ^*ri\£e(i(»nv) — ^ 

r P(T)(l(gC) = l'»rC 
I PiT)\£eii(»ic) = 

I'e/ine also h = Id(j-{H)tg,v)®{T{H)(g,K) © G C{£) and h = Idit^nv ® G C{£). 
Consider X = a^ -\- at -\- p{t) + Ai/i + ^^ + A* + A2/2 where Ai G fi, A2 G I? 
selfadjoint. Then the free and c-free cumulants of X with respect to {9, ip) = 
((•1 (g ri, 1 g) 51), (-1 g) 1, 1 g) 1)) are given by the following relations: 

Ki,xibi) = Ai5i 

Hn,xibi, . . . , bn) = {a^bip{t)b2 ■ ■ ■ p{t)bn-ia*^bi{l g) 1), 1 g) 1) 

"Ki^xibi) = A261 

^K„,x(6i, ...,&„) = {A^biP{T)b2 ■ ■ ■ P(T)6„_iA;6i(1 <g fl), 1 <g fJ) 

Proof. The results are trivial for ki,x and '^ki^v- For Kn,x note that oj,aJ,p(t) 
map T('H) g) 1 in T('H) (Ei 1 and, since 1 g) 1 G T('H) (8) 1, the result reduces to 
Lemma ??. 

To prove the formula for '^K.n,x, let us first note Vq = a^ + a^ + p(t) + Ai/i, 
Fi - a;, V2 - A^, T/3 = P{T), Vi - A2/2 and 

J{n) = {m = (m„, . . . , ui) : < Mfe < 4}. 

Finally, for 61, . . . , 6„ G ,B, denote e{u) ~ 9{Vu^bn ■ ■ ■ Vu^bx). 

Note that Vk\r{H)®i = (1 < fc < 4) and Vo|i,g,oi' = 0- The latest implies that 
e{u) ~ unless K^ G {A*, A2/2}, hence 

e{Xbn---Xbi) = J2 ^(^)^ J2 ^(")+ J2 ^(^) 

u€iJ{n) u^J(n) u^J{n) 

ui — 1 ui— 4 

= Y, e(w)+ 51 ^(K„_i6„---Ki62)A2 

u^J{n) 'uGJ(n— 1) 

ui— 4 
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Suppose that V^ = A*^-, then T4j6i(l (X) fJ) = 1 (g) ijbi, hence e{u) cancels unless 
Vu2 e {Vo,Arj,P{T)}. Let p = niin{s : s > l,Us ^ 0}. It follows that Kp S 
{A^, P(T)}. Since the restrictions of A^, P(r) to TiH) (g) K are 0, we have 

Vu^hp---VuMi^®^) = Vu^bp{Vobp^i---VQh2)v^M^®^) 

If X^ = ^(2^) s-nd s = minlf; : p < q < n,Uq ^ 0}, from a similar argument as 
above we have that Wp+i = • • ■ = Uq-i = and 

p{T)bq^{Xbg^i ■ ■ ■ xbp+i)P{T)bMXbp^i ■ ■ ■ xb2)A;bi{i ® n) 

Note also that, for all &i, . . . , bm e B, one has 

Tfe„,---r62A;6i(l(Xf7) e 1®/C 

A^b,nTb,n-i ■ ■ ■ Tb2A*^bi{l (gn) e 1 ® flP, 

hence e{u) cancels unless there exists some j > 1 such that Vu^ = A^. 
Using the results above, we have that 

n 

E <") = E E E <^) 

u£j(n) s=l pi---<Ps u£j(n) 

ui=i l<Pl.Ps<nui=4,Up^=2 

Up, =l,i^s 

n 

= E E d{Xbn---Xbp^+i)-0{A^bpMXbp^-i---Xb,.i + l)- 

S — 1 pl---<ps 

F(r)6p,_,^(X6p,_,_i • • • XV-.+i) • • ■ P{T)bpMXbp, - 1 • • • X62)A;6i) 

Comparing these relations with the definition of the c-free cumulants, we have 
q.e.d.. D 

Theorem 4.8. The pair (fi, v) g Sb:-d x "^b is \T\infinitely divisible if and only 
if V is W-infinitely divisible and the restriction of^p^ ^ to B{X)o) satisfies property 

Proof. Suppose that i/ is infinitely divisible (hence, from Theorem 13. 8[ the restric- 
tion of p,y to B{X)o is positive) and that the restriction of '^p^ ^ to B{X)o satisfies 

Let H be the left S-bimodule B{X)q with the pairing 

{f{X),g{X))n^pA9iXrf{X)) 

and /C be the left 2?-module B{X)o (g)e 2? with the pairing 

(fix) (g, di,g{X) (g, d2)v = d; ■ ^p,,Ag*{X)f{X))di. 

Since the maps pi, and '^Pp.^u staify ([1]), we have that H and /C are semi-inner-product 
B-, respectively P-modules. 
Define 

teCiu), t{f(x))=xf(x) 

TeC{IC), T{f{X)®d)=Xf{X)®d 

and note that t and T are selfadjoint maps. Also let Ai = Pv{X) G B and 
A2 = 'P^.AX) e V. 
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As in Lemma [4.71 consider 

£ = (Tin) <»B T)) ® (ig ®B ^v) e [Tin) ®b ic) 

and V € C{£) given by 

V = ax + a*x +p{t) + Ai/i + A^-^i + A*xt^i + A2/2. 

Denoting Lp{-) ~ (-(1 (g) 1), 1 ® 1), 0{-) = (•(! ® 51), 1 ® il) and applying Lemma 
14. 71 we have that the free and c-free cumulants of V with respect to [6, Lp) are given 
by: 

i^i,x{bi) = Ai5i = Pv{X) 
= Ki, 1/(61) 
K-n,x{bi, . . . ,hn) = {axbip{T)b2---p(t)hn-ia*xhn{l®l),l®l) 

= (p^(A'6i---A'6„)®l,l«)l) 

respectively by 

"i^iyihi) = \2bi^''Pf,,uiXbi) 

=K„,y(6i,...,6„) = {Ax»ibiP{T)b2---P{T)b„^iA*x^M^'»^)A'»^) 

= {Ax<g,i{biXb2---Xbn®l),l®n) 

- 0^,,.(A'6i---A'6„)(8l7,l®17) 

= 'p^AA^bi---Xbn) 

^ 'T^n,/j,l^(,Oli ■ ■ ■ : Oji j- 

Fix A^ > and define 
V. = ^ax + ^a*x +p{t) + 1a,/, + ^Ax^, + -^A^^, + P(T) + Ia^/^. 



Using again Lemma |4.7[ similar computations as above give (n > 1): 

1 



Kn,VN 


- N^-y 


l^n,VN ~ 





hence q.e.d.. 

The converse implication is Proposition 14.61 D 



5. The non-commutative R— and '^iJ-TRANSFORMS AND NON-COMMUTATIVE 

FREE LEVY-HINCIN FORMULA 

5.1. The R- and '^i?— transforms and free infinite divisibility: scalar case. 
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Definition 5.1. Let {fJ-,i') be a pair of compactly supported measures on M. // 
Mfj,{z), My{z) are the moment- generating series for fi, respectively v, that is 



M^{z) = V / t^d^l{t)z' 

oo „ 

M^{z) = V / t''diy{t)z'' 



then the R-transform of v, respectively the '^ R-transform of (p, v) are the analytic 
functions R^, '^R^,v given by 

(10) M,(z)-1 = R,{zM,{z)) 

(11) {M^{z)-l)KUz) = M^{z)-'R^^,{zM,{z)). 

If j4 is a *-algebra and ip : A — > C is a positive linear functional, then a 
selfadjoint element a & A determines a compactly supported real measure jia via 

t"dfla{t) = <^(a"). 

For convenience, we will also use the notation Ra for i?^^ , respectively the notation 
'^Ra for '^R^^^^^ for the case that the the ^-algebra A endowed with two positive 
linear functionals. 

The key property of the R- and ^i?-transforms is the linearization of the free 
convolution ([30], [H]), respectively c-free additive convolution: if a and h are free, 
respectively c-free, selfadjoint elements from A, then 

(12) Ra+b{z) = Ra{z)+Rb{z) 

(13) 'Ra+b = 'Ra{z)+'Rb{z) 

The goal of this material is to give a non-commutative analogue for the following 
theorem ([22], Theorem 13.16 and [12], Theorem 5): 

Theorem 5.2. Let v be a compactly supported supported probability measure on M 
and let R^{z) = X)n=i '*"-^" ^^ ^^^ Taylor expansion of its R-transform. Then the 
following statements are equivalent: 

(1) V is infinitely divisible. 

(2) The sequence {k„}„ > 2 is positive definite, i.e. there exists some real 
measure a such that 

K„ = I t"^'^da- 



(3) The R-transform of v is of the form 

1 ( z 

-Ru{z)^ Kx+ / :; —dp{t), 

z J^l-tz 

for some finite measure p onR with compact support. 

Moreover, if (p, v) is a pair of compactly supported measures on M, then (/i, v) is 
c-free infinitely divisible if and only if v is infinitely divisible and '^R^^u satisfies the 
condition (3) from above. 
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5.2. Non-Commutative functions. For stating our main result, we introduce 
the language of noncommutative Hi or fully matricial [2^ functions, see also the 
pioneering work [331[2^. For a vector space V over C, we let V"^™ = V(8)c-^nxm(C) 
denote n x m matrices over V (in literature - for example in jllj - on V"^" is used 
the algebra structure induced by the tensor algebra T(V) over V; in order to avoid 
confusion, when V is an algebra, we will use the notation M„(V) for the algebra 
M„(V) of n X n matrices over V). We define the noncommutative space over V by 

oo 

Vnc = T T V"^". We call fl C Vnc a noncommutative set if it is closed under direct 

n=l 

sums. Explicitly, denoting J7„ = J7 n V"^", we have 



a® 6 = 



a 
b 



G r^ri^ 



for all a e 51„, fo e fim- Notice that matrices over C act from the right and from 
the left on matrices over V by the standard rules of matrix multiplication. 

A noncommutative set fl C Vnc is called upper admissible if for all a € r2„, 
b&nm and ah c G V"""™, there exists A £ C, A ^ 0, such that 



a Ac 
b 



e n 



n-\-m- 



This notion is crucial since it is used to define the (right) noncommutative difference- 
differential operators by evaluating a noncommutative function on block upper 
triangular matrices. We will encounter only the following upper admissible non- 
commutative sets: 

(1) The set Nilp(V) = IJ^i Nilp(V; n) of nilpotent matrices over V. Here the 
set Nilp ( V ; n) of nilpotent nxn matrices over V consists of all a G y" x " such 
that a^ — for some r, where we view a as a matrix over the tensor algebra 
T(V) of V over C. This is equivalent to tat^^ being strictly upper triangular 
for some t G M„(C) (the equivalence follows from Engel's Theorem — 
notice that we can restrict ourselves to the finite dimensional subspace of 
V spanned by the elements of a) . 

(2) A noncommutative ball M{A, p) — {a E Anc ■ ||a|| < p} centered in zero and 
of radius p > over a C*-algebra A {A could have been replaced by any 
operator space with the corresponding operator space norm). 

(3) The upper and lower fully matricial half-planes H+(Anc) and IHI~(Anc) over 
a C*-algebra A, where if C is a C*-algebra, then 

H+(C) = {a G C, 5a = ^^— ^ > 0} 
H-(C) = {a G C, 5a = ^^— ^ < 0} 

and H±(A„c) = U^^i H±(A./„(A)). 
Let V and W be vector spaces over C, and let fl C Vnc be a noncommutative set. 
A mapping /: fi — > Wnc with /(f2„) C VV"^" is called a noncommutative function 
if / satisfies the following two conditions: 

• / respects direct sums: f{a 6) = f{a) f{b) for all a, 6 G fi. 

• / respects similarities: if a G il„ and s G C 
iln, then f{sas^^) ~ sf{a)s^^. 
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We will denote /„ = f\n„- ^n -> W"^". While we will not need this fact, it is 
important to notice that the two conditions in the definition of a noncommutative 
function can be actually replaced by a single one: a mapping / : J7 — )■ Wnc with 
/(il„) C W"^" respects direct sums and similarities if and only if it respects in- 
tertwinings: for any a € 51„, b € i~lrm and t S ^'"■xm g^^j-^ that at — tb, one has 
f{a)t = tf{b). This last condition goes back to [25JI26]. 
Let a : V*"' — > W be a multilinear mapping; we set 

a^a^t'a^ Id„ : (v^'^)"^" -^ W"^" 

for each n E N. It is clear that the mapping a i~> a{a''), where we view a as a matrix 
over T(V), respects direct sums and similarities, so that it defines a noncommutative 
function from Vnc to Wnc- Therefore for any linear mapping 0: T(V) — > W, we 
obtain a noncommutative function defined by 



^ ^(«') 



(14) fia) = ^{{l-a)-') = 

(where the notation 1 should be understood as Id„ componentwise, i.e. /(a) — 
(pn ((Idri ^ a)^^) for a e V"X")^ except that we have to make sense of the infinite 
sum on the right-hand side. 

(1) If a G Nilp(V) then the sum is finite, so that / is always a noncommutative 
function on Nilp(V). 

(2) If (j): T{A) — > C, where A and C are C* algebras, and we have an ex- 
ponential growth estimate: ||0|^®fc_).cllcb < a/^'^ (where A'^'' is considered 
with the Haagerup tensor norm (see [16], Chapter 17) and || • ||cb denotes 
the completely bounded norm), then the series defining / converges abso- 
lutely and uniformly on any noncommutative ball M{A, r) over A of radius 
r < 1//3, so that / is a noncommutative function on the noncommutative 
banB(Al/^)- 

There is — in a sense — a converse to this construction that we briefiy describe, 
though we will make no real use of it here. A noncommutative function / admits 
a series expansion 



(15) /(a) = 5]Ay(0,...,0)(a«'=). 

More precisely: 

(1) If / is a noncommutative function on Nilp(V), then the sum is finite and 
the equality holds everywhere. 

(2) If / is a noncommutative function on a noncommutative ball B(^, p) over a 
C* algebra A with values in a noncommutative space Cnc over a C* algebra 
C, which is bounded on noncommutative balls of radius less then p, then 
the series converges to /, uniformly on every noncommutative ball of radius 
less than p. (The convergence still holds if / is only assumed to be locally 
bounded in every matrix dimension separately, but then it is no longer 
uniform across matrix dimensions.) 

The multilinear forms A|,/(0, . . . , 0) : V'^ — > W are the values at (0,...,0) of 

fc+i 
the fcth order noncommutative difference-differential operators applied to /. They 
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are uniquely determined, and can be calculated directly by evaluating / on upper 
triangular matrices: 



\ 



7(0) A;,/(0,0)(ai) 
/(O) 






ai 


. 


. 








02 


. 








. 


• ak 








. 


. 



/(O) 




A5^/(0,...,0)(ao, 



, fe-i 



/(0,...,0)(a2, 



Afl/(0,0)(afe) 
/(O) 



■,ak) 



5.3. The non-commutative B-, R- and '^i?-transforms. 



In particular, we can apply the construction (jT4|) to fi £ SgiX), and define 

oo 

M^{b) = m((1 - Xb)-^) ^J2jl{{Xbr) , 

fe=0 

where the notation 1 is the one from the previous section and, as before, we identify 
the monomials (Xb)" from B{X)o to 6®" from the tensor algebra T{B). M^ is a 
noncommutative function with values in I?nc- It is always defined on Nilp(S). If T) 
is a C*-algebra and fi S ^b:d, that is there is some C > such that ||/ife||cb < C*^"*"^, 
where /j,fe is the restriction of /j, to the subspace of B{X) spanned by words with 
exactly k occurrences of the symbol X (that can be identified with B®^), then M^ is 
also defined on a noncommutative ball in B with sufficiently small radius. Remark 
that m]) also implies A^M^(0, . . . , 0) = /Xfc. 

Consider now u g Eg and /x € '^b-.'D- We define the linear maps p^, '^Pfj.^u as in 
Section |3l respectively Section HI that is the ,B-bimodule extensions of 



Pu{Xbi 



■Xb„ 



^{bi,...,bp), 



"Pfj.MiXbi ■ ■ ■ Xbp) = ''Kf_iM,p{bi, ■■ .,bp) 



and the map /3^ as the S-bimodule extension of 

(3,,{Xbi---Xbp)^Bf,^p{bu-,bp). 
Using again ()14p . we define the noncommutative functions R^, (with values in B^c) 



and B^, '^R^^u (with values in !?„ 

R.{b) ^ 



via the equations 
^,{{t-Xb)~^)-t 

^.{{t^xb)-^)-t 
JA{t^xb)-^)-t. 



Remark again that ([T4| implies A^7?.i,(0, . . . , 0) = n^^p, A^'^7^^^iy(0, . . . , 0) = 
andA^B^(0,...,0) = B^,p. 



'^f-i,iy,p 
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Proposition 5.3. For all {fi, v) e Y^b-.v x Eg we have that 

Idn® Pfi = /3^(") ■ 

Proof. For the first property, it suffices to show that for all positive integers tti, all 
1 ^ U-i JA; < ^ (fc = 1, ■ • ■ , 7^) and all &i, . . . , &„i G iS we have that 

Id„ ® Pu{XBi ■ ■ ■ XBra) = p,(.) {XBi ■ ■ ■ XB,n), 

where Bk — Si^-jk ® ^fei ^^ ^ikdk the complex n x n matrix with the {ik,jk) entry 
1 and all others 0. 

For m = \ the property is trivial. Suppose now that the assertion holds true for 
all m < N. The definition of free cumulants gives 

p^!,^)iXBi---XBN) = i^'-'^\XBi---XBn)- 

N-l 

J2 Y. P.(^^){xBii^^''\XB2---XBs,^i)---XBsy''\XBs^+i---XB_ 

p—l si<-<sp 
s,=l,s„<iV 



N 



From the induction hypothesis, the right-hand side cancels unless ik — Jk-i for all 
f < A; < A^; in this case, the equation above becomes 

p^(j.){XBi- --XBn) = ei^j„ (^I'iXbi-- -XbN) - 

X! X! P,y(") ieiuJN®[XbiiyiXb2---Xbs2-i)---Xbspi'{Xbsp+i---XbM)]) 

p—l Sl<-<Sp 
31=1, Bp<N 

= Ci^j^ (g) p^{Xbi- --XbN) 
= ld„®p^{XBi---XBN) 

hence the conclusion. 

The argument for '^p^.jy and /S^ is analogous. D 

Proposition 15.31 implies that 

oo 
n=l 

and the analogous relations for the components of '^i?^^^ and B^. From the moment- 
cumulant recursions, we have then the following 

Corollary 5.4. The non- commutative functions R^, B^ and'^Rf^^, satisfy the equa- 
tions: 

(16) M^{b)-t = B^{b)-M^{b) 

(17) M,{b)-t = R,{bM,{b)) 

(18) (M^(6)-l)-M,(6) - M^{b)-'R^,,{bM„{b)). 

Remark 5.5. // (/i, v) G Sg.p x Sg then R^, '^R^^i, and B^ are well-defined on a 
non- commutative ball (as described in Section ] 5. 2^) centered in 0. 
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Proof. For B^, the assertion is trivial since B^{b) is well-defined if A/^ is invert- 
ible. For i?^ and '^Rfj.,u we will use combinatorial techniques, namely the Moebius 
inversion formula for the partially ordered set of non-crossing partitions. First, we 
need the following general property (the Moebius inversion formula) . 

Proposition: Let P be a finite partially ordered set and K a complex vector 
space. Then there exist a map moeb : P x P — > M such that if the maps /, g : 
P — > K have the property 



/W = E5(^):'^e^ 



then 



(T<7r 
5(7^) = ^ /(cr) • moeb(cr,7r). 

cr<7r 

We will apply the above result on the partially ordered set AfC of non-crossing 
partitions. By a partition on the ordered set (n) = {1, 2, . . . , n} we will understand 
a collection of mutually disjoint subsets of (n), 7 — {Bi, . . . ,Bq) called blocks 
whose union is the entire set (n). A crossing is a sequence i < j < k < I from 
(n) with the property that there exist two different blocks Br and Bg such that 
i,k Cz Br and j,l ^ Bg. A partition that has no crossings will be called non- 
crossing. The set of all non-crossing partitions on (n) will be denoted by NC(n). 
For 7 S NC{n) a block B — (ii, ...,ik) of 7 will be called interior if there exists 
another block D € j and i,jCzD such that i < ii, J2, . . . ,ik < j- A block will be 
called exterior if is not interior. Each NC{n) has a lattice structure with respect 
to block refinement with biggest element !„- the partition with a single block; the 
corespondent Moebius function satisfies |moeb(7r, 1„)| < 4" (see [22], Lecture 13). 
Define J\fC = U^^i NC{n). 

Finally, let (^, v) £ Y.B;V xT.B,beB.^e define f,F -.NC — > V &s follows: 

(a) /(^i • TTa) = /(^i) • /(TTa) and ^(^1 • ^2) - F{n^) ■ ¥{^2). 

where tti • 7r2 G NC{ni + n) is obtained by juxtaposing tti € NC{n) and 
TT2 G NC{m). 

(b) /(1„0 = ^.((^-6)™) and F(l™) = /i((A'6)"), 

where 1^, G NC{m) is the partition with a single block (1,2,..., ?n). 

(c) /(| 7ri|7r2|...k,|") = 1^(^-6 • fiiTi) ■ Xb ■ /(tts) ■ ■ ■ Xb ■ f{^,) ■ Xb) 
F(Ki | ^2|...k,|) = M'y^ • /(tti) • A-fo • /(^2) • • • ^-6 • /(vr,) • Xb) 

where |7ri|7r2| . . . |7rg| is the partition with a single exterior block with q + 1 
elements and with restrictions between the elements of the exterior block 

TTi,. . .,7rg. 

Similarly, we define 5, G : NC — > T) as above, replacing /i with ^/3^,i/ and v 
with pij. With this notations, the moment-cumulant relation from Definition | 
amounts to 

(19) ^(tt) = Y. G{o) 

(7£j\fC 

fT<7r 

and applying the Moebius function property to equation 1191 we get 

G(7r) = Y^ F{a) ■ moeb(CT,7r). 
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Suppose now that (/i, ly) E S^.^ x Eg and that that ||/in||c6, Hi^nllcb < M"+-'^ for 
all n>0, henceforth ||F(cr)|| < A'f"+i||6||™ for aU a e NC{m). Since '=K^,^,m(5) = 
G(lm), we have 

||''K^,i/,m(fo)|| 



< 


)_^ |ina)||.|moeb(a,U| 




aeNCim) 


< 


(ttA^C(m))-Ar"+i||&H"-4" 


< 


•M^+ill&ll" • 16", sincea7VC(m) < 4^ 



Finally, Ki/,m(5) = '^Kfj,,u,mib), so the assertion is proven also for the _R-transforni. 

D 

5.4. Main results. The following property of the i?-transform is a non-commutative 
analogue of Proposition 3.1. from [23], (i. e. the Nevalinna-Pick representation for 
the self-energy function of a real measure) : 

Theorem 5.6. Let B be a C* -algebra, B d V be a unital inclusion of C* -algebras 
and fi e Sei-p. Then there exists a selfadjoint a Cz V and a C-linear map a : 
B{X) — > D, satisfying property (QP such that 

B^{b) = [a • 1 + 5 (6(1 - Xb)-^)] ■ b. 

Moreover, if ^ e ^e-D' then the moments ofv do not grow faster than exponentially 
(i.e. V satisfies property |^. 

Proof. Define the map /?^ : B{X) — > T) as the S-bimodule extension of 

/3^(A'6iA'---A'6„) = B„,^(6i,...,6„). 

Let /C = B{X) ®B T^- As shown in the proof of Theorcm l2.5l equation ([5]), there 
exists some ^ G /C and a selfadjoint map T G C{]C) such that 

Bn.A^l, ..., bn) = {biTb2 ■ ■ ■ Tbn-li^bn), 

If bn ^ I, the above relation becomes 

{biTb2---Tbn-i£,,£,) = -B„^^(6i,...,&„_i,l) 
= (3^{XbiX ■ ■ ■ Xbn^lX) 

Hence for all f{X) G B{X) we have that (5^{Xf{X)X) = (/(T)f,0- It follows that 
the map a : B{X) — > V given by cr(/(A')) = l3^,{Xf{X)X) satisfies property dJ) 
and 

B„,^(6,...,&)=a([A'6]"-i).6, 

that is the conclusion for a — i?i,p. The last part is a trivial consequence of the 
fact that fi G Eg.p implies that (3^ G Eg.^. D 

Remark 5.7. If /j, G Eg.^,, the above result can be more explicit formulated in 
terms of the generalized rezolvent of /i from 28J and [T\. More precisely, for jjl G 
Sg.p, its generalized rezolvent or operator-valued Cauchy transform is defined via 

g^{b) = ]Ji{[b-t-x]-^). 

As shown in [28] and [2], ^^ is a non-commutative function, well-defined on IElI+(Snc) 
and g^{m+{Mn{B))) C H-(M„(I?)). Hence, its reciprocal, b H> [Q^{b)]-^ is also 
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a non-commutative function, well defined on EII+(Snc)- Moreover, identifying the 
coefficients, we have that 

(20) i-[g^{b)f'-b-'^B^{b-') 

for b e M+{Bnc) with \\b-^\\ < M for some M > 0. 

Using equation [20l and Theorem 15. 6[ we obtain that, for b as above, 

b~[g^.ib)]~^ = a-l + a{b-'[t~X-b-Y') 
^ a-l + a{[{l-X ■b-^)-b]-^) 
= a-l + a{[b-l-X]-^), 

The map 6 n- a{[b~t-X]~^) extends to IH[+(Snc) (see again [28 and ^) therefore 
we obtained that the operator-valued self energy junction of /z (6 i— >■ 6 — [5^(6)1 ) 
is the translate with a selfadjoint of the operator- valued Cauchy transform of some 
C-linear map from B{X) to V satisfying properties [1] and [2] D 

For the main result of this section, Theorem l5.10( we will first need the following 
lemma: 

Lemma 5.8. Let B G V be a unital inclusion of C* -algebras and p : B{X) — > T) be 
a unital B -bimodule map. Then the restriction of p to B{X)o satisfies property (Qp 
if and only if there exists some (C)-linear map a = a{p) : B{X) — > V satisfying 
property f!]] such that <T{f{X)) = p{Xf{X)X) for all f{X) G B{X). 

Proof. Suppose that first that the restriction of p\b{x)o satisfies H]) and define a 
via cr(/(A')) = p{Xf(X)X). If {/j(A')}^^i is some family from S(A')o, then 

[a{f,{Xrf,{X))]l^^^ = [p{Xf,{Xrf,{X)X)]l^^^ 

= [p{[f,{X)Xr[fXX)X])]l^^^>Q 

For the converse, note that a satisfies H]) implies (cf 16 , pag. 42) that B{X) ®2? 
is a semi-inner product 2?-module with respect to the pairing generated by 

{f{X) ® di,g{X) ® d2) - dla{g{X)*f{X))di. 

Fix now a family {fj{X)}^^i from B{X)q. Each fj{X) can be written as 

f,iX) = J2 9kAX) ■ X ■ ak^, 

k=l 

with gk,3{X) e B(X) and Uk.j G B. Denote r]j = J2k=i 5fej('^)'^"fej ^ B{X) (g) V. 
Then 

NU) N(i) 

[pif,ixrf,{x))]l^^^ = [ E E P«s ■ ^ ■ akAXTaiAx) ■ x ■ «,,)]",-=, 

fc=i 1=1 

N{j) N{i) 

= [ E E <j ■ ^gkAxTmAx)) ■ «^.)]^.i 
fe=i 1=1 

N(i) N{]) 

= [(E 9iAX) ® ai,i, Y^ gk,j{X) (g> afej)]"j^i 

1=1 k=l 
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D 

An immediate consequence of Theorem l5.6l and the above Lemma is the following 

Corollary 5.9. If fi (z Sg.-p then /3^\i^/x)o satisfies property ^. 

Theorem 5.10. As before, B dV will be a unital inclusion of unital C*-algebras. 
ii)Let fi £ Se- Then fi is W-infinitly divisible if and only if there exist some 
selfadjoint a (z B and some C-linear map a : B{X) — > B satisfying property ([l}, 
such that 

R^{b) = [a . 1 + CT (6(1 - Xb)-^)] ■ b. 

(ii) Let {fJ-,!^) € ^b-.v x ^b- Then (/x, i') is VcVinfinitely divisible if and only if 
V is ^-infinitely divisible and there exist some selfadjoint a £ B and some C-linear 
map a : B{X) — > T> satisfying property ([T]) such that 

"R,.,Ab) = [a • 1 + 5 (6(1 - Xb)-^)] ■ b. 

Moreover, if ^ G Sg, respectively (/i, i^) G ^b-V' then the moments of the corre- 
spondent maps a do not grow faster than exponentially. 

Proof. Since Yib.b — "^B-.v, it suffices to prove the assertions for '^Rp^^i,- 
Since '^p^,nu{Xbi ■ ■ ■ Xbn) — K,^.n{bi, . . . , 6„), Proposition 15.31 implies that 

^i?^,.(6)=Afc,^,„(6)-l. 

for all b E Nilp{B) or for b or sufficiently small norm if {fi, v) e Sg.^ x Eg. 
Identifying A" to 1 • A", we have that 



^R,Ab) = Y.^'^ii^b)") 



^u{X)-b 



Y^^,{{xbr-'x) 



.71 = 2 



^l{x) -t + Y, "'p^('^ • HXbT'^ ■ X) 



n=2 



From Theorem 14.81 and Lemma 15.81 (/i, v) is fc]- infinitely divisible if and only if 
there exists C-linear map a : B{X) — > T) that satisfy property ^ such that 
(j{f{X)) = <'p^,^^{Xf{X)X) for aU f{X) e B{X). That is 



=i?p..(6) 



t(X)- 1+^5(6- [Xb\ 



l=Q 



[piX)-l+^{b[l-Xb]-^)] -b 



hence the conclusion. 

For the last part, if {fi, v) G Eg..p x Eg, then Remark [531 implies that {'^p^i.uiPv) 
is also in Eg.^ x Eg, so they satisfy the condition © for some M > 0. The 
representation of ^-R^,j/ gives (for 6i, . . . , 6„ G Mm{B) and the identification X = 

ldr„,(»X): 



\a{XbiXb2---bnX) 



= rPf,AxHiXb2---bnX^) 

< M"+3||6i||...||6„|| 

< (M^ + l)«+i||6i||...||6„||. 
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